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Abstract
In this chapter, we consider a periodic SDE in the dimension n ≥ 2, and we study the existence
of periodic solutions for this type of equations using the Massera principle. On the other
hand, we prove an analogous result of the Massera’s theorem for the SDE considered.
Keywords: stochastic differential equations, periodic solution, Markov process, Massera
theorem
1. Introduction
The theory of stochastic differential equations is given for the first time by Itô [7] in 1942. This
theory is based on the concept of stochastic integrals, a new notion of integral generalizing the
Lebesgue–Stieltjes one.
The stochastic differential equations (SDE) are applied for the first time in the problems of
Kolmogorov of determining of Markov processes [8]. This type of equations was, from the first
work of Itô, the subject of several investigations; the most recent include the generalization
of known results for EDO, such as the existence of periodic and almost periodic solutions.
It has, among others, the work of Bezandry and Diagana [1, 2], Dorogovtsev [4], Vârsan [12],
Da Prato [3], and Morozan and his collaborators [10, 11].
© 2018 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
The existence of periodic solutions for differential equations has received a particular interest.
We quote the famous results of Massera [9]. In its approach, Massera was the first to establish a
relation between the existence of bounded solutions and that of a periodic solution for a
nonlinear ODE.
In this work, we will prove an extension of Massera’s theorem for the following:
nonlinear SDE in dimension n ≥ 2
dx ¼ a t; xð Þdtþ b t; xð ÞdW t
2. Preliminaries
Let Ω; F; Ftf gt ≥ 0;P
 
be the complete probability space with a filtration Ftf gt ≥ 0 satisfying the
usual conditions
• Ftf gt ≥ 0 is an increasing family of sub algebras containing negligible sets of F and is
continuous at right.
F∞ ¼ σ ∪t ≥ 0Ftf g:
Let a Brownian motionW tð Þ, adapted to Ft; t ≥ 0f g, i.e.,W 0ð Þ ¼ 0, ∀t ≥ 0,W tð Þ is Ftmeasurable.
We consider the SDE
dx ¼ a t; xð Þdtþ b t; xð ÞdW t
x t0ð Þ ¼ z:

(1)
in Ω; F; Ftf gt ≥ 0;P
 
:
The functions a t; xð Þ : Rþ  R
n ! Rn and b t; xð Þ : Rþ  R
n ! Rnm are measurable. We sup-
pose that Ft is the completion of σ W r; t0 ≤ r ≤ tf g for all t ≥ t0, and the initial condition z is
independent of W t, for t ≥ t0 and E zj j
p
< ∞.
Suppose that the functions a t; xð Þ and b t; xð Þ satisfy the global Lipschitz and the linear growth
conditions
∃k > 0, ∀t∈Rþ,∀x, y∈R
n
: a t; xð Þ  a t; yð Þk k þ b t; xð Þ  b t; yð Þk k ≤ k x yk k
and
a t; xð Þk kp þ b t; xð Þk kp ≤ kp 1þ xk kpð Þ
We know that if a and b satisfy these conditions, then the system (1) admits a single global
solution.
We note by B the space of random Ftmeasurable functions x tð Þ for all t, satisfying the relation
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sup
t ≥ 0
E x tð Þj j2,
we consider in B the norm
xk kB ¼ sup
t ≥ 0
E xj j2
 1
2
B; :k kB
 
is the Banach space.
2.1. Markov property
The following result proves that the solution of the SDE (1) is a Markov process.
Theorem 1. ([5], Th. 2, p. 466) Assume that a t; xð Þ and b t; xð Þ satisfy the hypothesis of the theorem
([5], Th. 1, p. 461) and that X t;xð Þ sð Þ is a process such that for s∈ t,∞Þ for all t > t0 is a solution of SDE
X t;xð Þ sð Þ ¼ xþ
ðs
t
a u;X t;xð Þ uð Þ
 
duþ
ðs
t
b u;X t;xð Þ uð Þ
 
dWu (2)
Then the process Xt, solution of SDE (1), is a Markovian process with a transition function
p t; x; s;Að Þ ¼ P X t;xð Þ sð Þ∈A
 
:
Let p s; x; t;Að Þ be a transition function; we construct a Markov process with an initial arbitrary
distribution. In a particular case, for t > s, we associate with the function p s; x; t;Að Þ a
family X s;zð Þ t;ωð Þ of a Markov process such that the processes X s;zð Þ t;ωð Þ exist with initial point
z in s, i.e.,
P X s;zð Þ t;ωð Þ ¼ z
 
¼ 1 (3)
2.2. Notions of periodicity and boundedness
Définition 1. A stochastic process X t;ωð Þ is said to be periodic with period T T > 0ð Þ if its finite
dimensional distributions are periodic with periodic T, i.e., for all m ≥ 0, and t1, t2,…tm ∈R
þ the joint
distributions of the stochastic processes Xt1þkT ωð Þ, Xt2þkT ωð Þ,…XtmþkT ωð Þ are independent of k
k∈Zð Þ:
Remark 1. If X t;ωð Þ is Tperiodic, then m tð Þ ¼ EX tð Þ, v tð Þ ¼ VarX tð Þ are Tperiodic, in this case,
this process is said to be Tperiodic in the wide sense.
Définition 2. The function p s; x; t;Að Þ ¼ P Xt ∈A=Xsð Þ for 0 ≤ s ≤ t, is said to be periodic if
p s; x; tþ s;Að Þ is periodic in s:
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Définition 3. The Markov families X t0;zð Þ ωð Þ are said to be puniformly bounded p > 2ð Þ, if
∀α > 0, ∃θ αð Þ > 0, ∀t ≥ t0:
zk kB,p ≤α) X
t0;zð Þ ωð Þ
 
B,p
≤θ αð Þ
We denote X t0;zð Þ ωð Þ as the family of all Markov process for t0 ∈ℝ
þand z in Lp:
Remark 2. It is easy to see that all Lpborné Markov processes Xt, i:e∃M > 0; ∀t ≥ t0 : Xtk k
p
B,p ≤M;
 
is puniformly bounded.
Lemme 1. ([6], Theorem 3.2 and Remark 3.1, pp. 66–67) A necessary and sufficient condition for
the existence of a Markov Tperiodic X t0 ;zð Þ ωð Þ with a given Tperiodic transition function
p s; x; t;Að Þ, is that for some t0, z, X
t0 ;zð Þ ωð Þ are uniformly stochastically continuous and
lim
R!∞
lim
L!∞
inf
1
L
ðt0þL
t0
p t0; z; t;UR,p
 
dt ¼ 0 (4)
if the transition function p s;Xs; t;Að Þ satisfies the following not very restrictive assumption
α Rð Þ ¼ sup
z∈Uβ Rð Þ,p
0 < t0, t t0 < Tp t0; z; t;UR,p
 
!R!∞0 (5)
for some function β Rð Þ which tends to infinity as R! ∞:
In Eq. (4), we have R∈R∗þ:
UR,p ¼ x∈R
n
: xj jp < Rf g
UR,p ¼ x∈R
n
: xj jp ≥Rf g
The conditions of Lemma 1 are of little use for stochastic differential equations, since the
properties of transition functions of such processes are usually not expressible in terms of the
coefficients of the equation. So, in the following, we will give some new useful sufficient
conditions in terms of uniform boundedness and point dissipativity of systems.
Lemme 2. If Markov families X t0 ;zð Þ ωð Þ with Tperiodic transition functions are uniformly bounded
uniformly stochastically continuous, then there is a Tperiodic Markov process.
Proof. By using a Markov inequality [13], we have
p t0; z; t;UR,p
 
¼
1
RP Xt0 ¼ zð Þ
E X t0;zð Þ ωð Þ
 p
≤
1
RP zð Þ
X t0 ;zð Þ ωð Þ
 p
B,p
Then, for α > 0, ∃θ αð Þ > 0, such that for all t ≥ t0
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zk kB,p ≤α) X
t0;zð Þ ωð Þ
 
B,p
≤θ αð Þ
we get
p t0; z; t;UR,p
 
≤
1
RP zð Þ
θp αð Þ
Then
0 ≤ lim
R!∞
lim
L!∞
inf
1
L
ðt0þL
t0
p t0; z; t;UR,p
 
dt ≤ lim
R!∞
1
RP zð Þ
θp αð Þ lim
L!∞
inf
1
L
ðt0þL
t0
dt
	 

¼ lim
R!∞
θp αð Þ
RP zð Þ
¼ 0,
that is, Eq. (4). From Lemma 1, we have a Tperiodic Markov process.
3. Main result
Let the SDE
dx ¼ a t; xð Þdtþ b t; xð ÞdW t
xt0 ¼ z, E zj j
p
< ∞
(
(6)
We assume that this SDE satisfies the conditions as in Section 2 after Eq. (1).
Suppose that
H1) the functions a t; xð Þ and b t; xð Þ are Tperiodic in t.
H2) the functions a t; xð Þ and b t; xð Þ satisfy the condition
a t; xð Þk kp þ b t; xð Þk kp ≤ϕ xk kpð Þ, p > 2 (7)
where ϕ is a concave non-decreasing function.
Lemme 3. ([13], Lemme 3.4) Assume that a t; xð Þand b t; xð Þ verify
E a t; xð Þk kpð Þ þ E b t; xð Þk kpð Þ ≤ η, p > 2
then, the solutions of periodic SDE (6) are uniformly stochastically continuous.
We prove the Massera’s theorem for the SDE in dimension n ≥ 2:
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Theorem 2. Under H1ð Þ, H2ð Þ, if the solutions of the SDE (6) are Lpbounded, then there is a
Tperiodic Markov process.
Proof.We note by X t0;zð Þ t;ωð Þ an Lp-bounded solution of SDE (6), from Theorem 1, this solution
is unique a Markov process that is Ftmeasurable. Suppose that p t0; z; t;Að Þ is a transition
function of Markov process X t0 ;zð Þ t;ωð Þ, under H1ð Þ and since p t0; z; t;Að Þ depend of
a t; xð Þ, b t; xð Þ then this function is Tperiodic in t: In the other hand, ϕ is concave non-
decreasing function, we get
Eϕ xj jpð Þ ≤ϕ E xj jpð Þ
From the Lpboundedness of X
t0;zð Þ t;ωð Þ, then under H2ð Þ: ∃η > 0 such that
E a t;X t0;zð Þ t;ωð Þ
 

p
þ E b t;X t0;zð Þ t;ωð Þ
 

p
< η
for p > 2: By Lemma 3, we have X t0;zð Þ t;ωð Þ is puniformly bounded and puniformly sto-
chastically continuous, this gives, the conditions of Lemma 2 are verified, finally, we can
conclude the existence of the Tperiodic Markov process. □
Author details
Boudref Mohamed Ahmed1*, Berboucha Ahmed1 and Osmanov Hamid Ibrahim Ouglu2
*Address all correspondence to: mohamed.hp1@gmail.com
1 Laboratoire de Mathématique Appliqées, Faculté des Sciences Exactes, Université de
Bejaia, Algérie
2 Faculté des Sciences, Université de Boumerdes, Algérie
References
[1] Bezandry PH, Diagana T. Existence of almost periodic solutions to some stochastic differ-
ential equations. Applicable Analysis. 2007;86(7):819-827. MR 2355540 (2008i: 60089)
[2] Bezandry PH, Diagana T. Square-mean almost periodic solutions nonautonomous sto-
chastic differential equations. Electronic Journal of Differential Equations. 2007;117:10.
(electronic) MRMR2349945 (2009e: 34171)
[3] Da Prato G. Periodic and almost periodic solutions for semilinear stochastic equations.
Stochastic Analysis and Applications. 1995;13(1):13-33
[4] Dorogovtsev A. Existence of periodic solutions or abstract stochastic equations. Asymp-
totic periodicity of the Cauchy problem (in Russsian). Teorija na Verojatnost i Matematika
Statistika. 1988;39:47-52
Differential Equations - Theory and Current Research62
[5] Guikhman I, Skorokhod A. Introduction à la Théorie des Processus Aléatoires. Moscou:
Mir; 1980
[6] Has’minskii RZ. Stochastic Stability of Differential Equations. Second ed. Berlin Heidel-
berg: Springer-Verlag; 2012
[7] Itô K. On stochastic differential equations. Memoirs of the American Mathematical Soci-
ety. 1951;4. (Russian translation: Mathematika. 1957;1(1):78-116. MR 12 #724
[8] Mao XR. Stochastic Differential Equations and Applications. Chichester: Horwood; 1997
[9] Massera JL. The existence of periodic solutions of systems of differential equations. Duke
Mathematical Journal. 1950;17:457-475
[10] Morozan T, Tudor C. Almost periodic solutions of affine Itô equations. Stochastic Analy-
sis and Applications. 1989;7(4):451-474. MR 1040479 (91k: 60064)
[11] Tudor C. Almost periodic solutions of affine stochastic evolution equations. Stochastics
and Stochastics Reports. 1992;38(4):251-266. MR1274905 (95e: 60058)
[12] Vârsan C. Asymptotic almost periodic solutions for stochastic differential equations.
Tohoku Mathematical Journal. 1986;41:609-618
[13] Xu DY, Huang YM, Yang ZG. Existence theorems for periodic Markov process and
stochastic functional differential equations. Discrete and Continuous Dynamical Systems.
2009;24(3):1005-1023
An Extension of Massera’s Theorem for N-Dimensional Stochastic Differential Equations
http://dx.doi.org/10.5772/intechopen.73183
63

